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ABSTRACT. We introduce the concept of lacunary statistical conver-
gence in intuitionistic fuzzy n-normed linear space. Some inclusion rela-
tions between the sets of statistically convergent and lacunary statistically
convergent sequences are established in an intuitionistic fuzzy n-normed
linear space. We also define lacunary statistical Cauchy sequence in an
intuitionistic fuzzy n-normed linear space and prove that it is equivalent
to lacunary statistically convergent sequence.
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1. INTRODUCTION

Motivated by the theory of n-normed linear space [12, [13], [16] and fuzzy normed
linear space [1}, [2 14, [6, [7] the notions of fuzzy n-normed linear space [18] and in-
tuitionistic fuzzy n-normed linear space [19] have been developed. The concept of
statistical convergence for real number sequences was first introduced by Fast [5]
and Schoneberg [22] independently. Later, it was further investigated from sequence
point of view and linked with summability theory by Fridy [9], Salat [21] and many
others. Fridy [10] introduced the concept of lacunary statistical convergence. Some
work on lacunary statistical convergence can be found in [3, 8, [11], [15], 20]. Karakus
[14] et al. investigated the statistical convergence on intuitionistic fuzzy normed
spaces and gave a characterization for statistically convergent sequences on these
spaces. Mursaleen [17] et al. extended the results of Karakus from single sequence
to double sequences on intuitionistic fuzzy normed spaces.

Our aim in this paper is to introduce the notions of lacunary statistical con-
vergence and lacunary statistical Cauchy sequence in intuitionistic fuzzy n-normed



N. Thillaigovindan et al./Annals of Fuzzy Mathematics and Informatics 1 (2011), No. 2, 119-131

linear spaces and establish some inclusion relations between statistical convergence
and lacunary statistical convergence in intuitionistic fuzzy n-normed linear spaces.

2. PRELIMINARIES

In this section we recall some useful definitions and results.

Definition 2.1 ([23]). A binary operation x* : [0,1] x [0,1] — [0,1] is a continuous
t-norm if * satisfies the following conditions:
(i) = is commutative and associative,
(ii) = is continuous,
(111) ax1l=a,forallacl0,1],
(iv) a*b < cxd whenever a < ¢ and b < d and a,b,¢,d € [0,1].

Definition 2.2 ([23]). A binary operation ¢ : [0,1] x [0,1] — [0, 1] is continuous
t-co-norm if ¢satisfies the following conditions:
(i) ¢ is commutative and associative,
(ii) © is continuous,
(i) ao0=a for all a € [0,1],
(iv) aob < cod whenever a < ¢ and b < d and a,b,c,d € [0, 1].

Definition 2.3 ([19]). An intuitionistic fuzzy n-normed linear space or in short
i-f-n-NLS is an object of the form

A= {(XvN(th)7M(Xat)) |X: (1'175523"' 7xn) € Xn}

where X is a linear space over a field F, % is a continuous t-norm, ¢ is a continu-
ous t-co-norm and N, M are fuzzy sets on X" x (0,00); N denotes the degree of
membership and M denotes the degree of non-membership of (z1,z2, -+ ,Tn,t) €
X™ x (0,00) satisfying the following conditions:
N(x,t) +M(x,t) <1,

x,t) >
xl, Zo, &y, t) =1 if and only if x1,xa,- - , 2, are linearly dependent,
Z1,Xa, "+ ,Tn,t) is invariant under any permutation of x1, 29, -+ , x,,
T, L9, - ,cxn,t) = N(z1, 29, - ,xmﬁ) ifc#£0,ceF,
X1,To, Ty, 8) * N(x1, 20, 2l t) < N(xy, 29, - ,2n + 2,8+ 1),
X,0) : (O oo) — [0, 1] is continuous in ¢,

szzzzzz

=~ o~~~ o~ o~ — —
==

M(x,t) >

M(a:l, x2,- -, Tpn,t) = 0if and only if x1,x9,- - ,x, are linearly dependent,
( M(z1,xa, - ,2p,t) is invariant under any permutation of x1,xa, - ,
(11) M(xzq, 22, - ,cTp,t) zM(J;l,x2,~-~ ,xn,ﬁ> ,ifc#£0, ceT,
(12 M( T1,X2, " yTn,S )OM(wth?"' 7x417t) 2 M((El,l'g,"' 7:17”—"—.’17,/”(,8-’-15),
(13) M(x,0): (0, oo) [0,1] is continuous in ¢.

Example 2.4 ([24]). Let (X, ||, -- ,||) be a n-normed linear space, where X = R.
Define a * b = min{a, b} and a ¢ b = max{a, b} for all a,b € [0, 1],
—llz1, 22, @l
N(mtha"' ,!L'n,t) =€
120
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and

M(z1,22, + ,Zn,t) =1—¢ t .
Then A = {X,N(z1,2a, - ,xpn,t), M(z1, 22, ,Tp,t) | (x1,22, - ,2,) € X"} is
an i-f-n-NLS.

Remark 2.5. For convenience we denote the intuitionistic fuzzy n-normed linear
space by A = (X, N, M, *,0).

Definition 2.6 ([2]). Let (U, N) be a fuzzy normed linear space. We define a set
B(z,a,t) as B(z,a,t) ={y: N(z —y,t) > 1 —a}.

Definition 2.7 ([19]). A sequence {z,, } in an i-f-n-NLS A is said to converge to
¢ € X with respect to the intuitionistic fuzzy n-norm (N, M) if for each € > 0, t > 0
there exists a positive integer ng such that N (1,22, -+ ,Zp_1,2pn, — &) > 1 —¢
and M (z1, 22, ,Tp_1,Zn, — &, t) < e for all k > ng.

The element ¢ is called the limit of the sequence {x,, } with respect to the intu-
itionistic fuzzy n-norm (N, M) and is denoted as (N, M) — limz,, = ¢&.

Definition 2.8 ([19]). A sequence {z,,} in an i-f-n-NLS A is said to be Cauchy
with respect to the intuitionistic fuzzy n-norm (N, M) if for each ¢ > 0 and ¢ > 0
there exists a positive integer mg such that N(z1, 22, -+, Zn_1, T, — Tngs t)y>1—c¢
and M(xy, 2, -+ ,Tn_1,Tpn, — Tn,,t) < € whenever p,q > my.

Definition 2.9 ([9]). A lacunary sequence is an increasing integer sequence 0 = {k,.}

of positive integers such that kg =0 and h, =k, — k._1 — 00 as © — o0.

Throughout this paper the intervals determined by 6 will be denoted by I, =

(k'r‘flv kr] and qr = kf:l .

Definition 2.10 ([9]). For a lacunary sequence 6§ = {k,}, the number sequence

{z1} is said to be lacunary statistically convergent to a number & provided that for

each € > 0, lim ;=|{k € I, : |z — £| > €}| = 0, where the vertical bar denotes the
T—00 s

cardinality of the enclosed set. In this case we write Sy — klim i =¢.
—00

3. LACUNARY STATISTICAL CONVERGENCE IN INTUITIONISTIC FUZZY
Nn-NORMED LINEAR SPACE

Definition 3.1. Let A be an i-f-n-NLS. We define an open ball B(z,r, t) with center
x on the n'® coordinate of X™ and radius 0 < r < 1, as
B(z,r,t)={y € X : N(z1,29, -+ ,Zp—1,2 —y,t) > 1 —r and
M(zy, 29, ,Tp_1,2 —y,t) <1}
for t > 0.
Definition 3.2. Let A be an i-f-n-NLS. A sequence {x,, } of elements in X is said

to be statistically convergent to £ € X with respect to the i-f-n-norm (N, M) if for
each € > 0 and t > 0, there exists p € N such that

lim %|{k§p:N(x17m2,~-- y X1, Ty, — &, 1) <1 —€ and

p—00
M(l’l,.fl?Q,"' s Tp—1,LTny, _f,t) Z €}| =0.
121
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The element ¢ is called the statistical limit of the sequence {x,,, } with respect to
the intuitionistic fuzzy n-norm (N, M) and is denoted as S(N, M) — limx,, =& or
LTpy, — f(S(N,M))-

Definition 3.3. Let A be an i-f-n-NLS and 6 be a lacunary sequence. A sequence
{zp, } of elements in X is said to be lacunary statistically convergent to & € X with
respect to the i-f-n-norm (N, M) if for each € > 0 and ¢ > 0,

lim hi|{k €l.:N(zy,z2, - ,Tp-1,%n, — & 1) <1—€ and
T—00 T
M(l'hl‘g, 3 Ip—1,Tny, — £7t> Z 6}' =0.
The element ¢ is called the lacunary statistical limit of the sequence {z,,, } with re-
spect to the intuitionistic fuzzy n-norm (N, M) and is denoted as S?N M) —limaz,, =

g or z,, — f(SE’NWI)).

We denote by S(QN M) (X), the set of all lacunary statistically convergent sequences
in an i-f-n-NLS A.

Next we show that for any fixed 6, S?N) M)—limit is unique provided it exists.

Theorem 3.4. Let A be an i-f-n-NLS and 6 be a fized lacunary sequence. If {x,, }
is a sequence in X such that S?N M)~ limx,, =& exists, then it is unique.

Proof. Suppose that there exist elements &,n with (£ # n) € X such that
S’(QN’M) —limx,, =& and S?N’M) —limx,, =n.

Let € > 0 be arbitrary. Choose s > 0 such that

(3.1) (I-9)*x(1—s)>1—cand sos<e.

For t > 0, we take

A:{kelr | N(xlazQa"' y Ln—1, Tny, _gvt) > 1_57
M(z1,22,  , Tn-1,Tn, — &) < s}

and
B = {kelr | N(.’L’],.’IJ27"' s Tn—15Tny _nat) > 1_87
M(z1,22,  ,Tp—1,Tn, —1N,t) < s}

We shall first show that for £ # 7 and ¢ > 0, AN B = ¢. For, if m € AN B then

N(xtha”' 7xn—la€7777t)
ZN((L'171'2,"' )xnflaxm_57%)*N(x17x27." )xnflaxm_n7%)
>(1-98)x(1—-s5)>1—c¢.

by (3.1)). Since € > 0 is arbitrary we have N (1,29, -+ ,2,—1,§ —n,t) = 1 for every

t > 0. Similarly M (1,22, -+ ,Zn_1,§ —n,t) = 0 for every ¢t > 0. This implies that

& —n =0, a contradiction to & # 1. Thus AN B = ¢ and therefore A C B¢. Hence
122
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we have
Tli_}r{)l(}%|{k€b:N(m,m,-~- s L1, Tn, — &, 1) > 1 — s and
M(z1,22,  Tp_1,Tn, — & 1) < s}
ST-ILIth%HkEIT:N(xI’xz"” yTp—1,Tn, — M t) < 1—sand
M(z1,29,  ,Xp—1,Tpn, —1,1) 25}|

Since S(HN’M) —limx,, =, it follows that

lim h%!{keIT:N(xl,ng-- s X1, T, — &, ) > 1 — s and

T—00
M(xlaxZa"' y Tn—15 Ty, _§7t) < S} | S 0.
Since this cannot be negative we have
lim hi ‘ {kel. :N(xy,z9, - ,Tp_1,2n, —&t) >1—sand
r—oo T
M(z1,29,  ,Zp1,Tn, —&,t) < s} | =0.
This contradicts the fact that S?N,M) —limx,, =& Hence { =1.
Theorem 3.5. S?MM)(X) is a linear space.
Proof. Let {xn, } be a sequence in X.

(i) If SE’N’M) —limz,, =¢ and a # 0 € R, then we need to prove that

S(QN,M) —limaz,, =af.

Let £ > 0 and t > 0. If we take
A={kel :N(zi,22, ,Tp-1,Tpn, —&,t) >1—¢€and
M(x1, 29, ,Tp_1,Tn, — & t) <€}
and
B={kel :N(xi,z2, + ,Zp_1,qr,, —af,t)>1—¢and

M(z1, 22, ,Tp_1,0Ty, —a,t) < €}.
Let m € A. Then we have
N(z1,%2,+ ,Tn_1,QTm — €, t) = N(x1, T2, ,Tpn_1,Tm — &, ﬁ)
> N(x1,22, s Tp1,Tm — &, 1) % N(0,
> N(x1, 22, ,Tpo1,Tm — &, 1) ¥ 1
> N(x1, 22, Tp_1,Tm — &, 1)
>1—¢€
and
M(z1,22, X1, 0y — @&, t) = M (21,22, , Tne1,Tm —§7ﬁ)
< M(w1,29,+ Tp—1,Tm — &, 1) 0 M(0
< M(z1,22, Tp_1,Tm — &, t) 00
< M(z1,22, o1, T — &,t) <€

i
lex|

t

ol

t)

t)
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which implies that m € B. Hence we have A C B and therefore B¢ C A°. It follows
that

lim hi {kel,:N(x1,22, ,Tp_1,axy,, —a&,t) <1—¢€and
r—oo 'r
M($1,$27"‘ ;xnflaaxnk —Olf,t) 2 €}|
< lim hi {kel, :N(xi, 2z, &Tn_1,%n, —&1t) <1—e€and
T— 00 T

M(thQv"' y In—1y Ty, _gat) Z 6} | .
Since S?N’M) —limx,, = ¢, it follows that S?N)M) —lim oz, = af.

(ii) Let {xy, } and {y,,} be two sequences in X. If S(QMM) —limz,, = ¢ and
S?N’M) — limy,, =7, then we have to prove that S?MM) —lim(zn, + Yn,) =&+ 1.
Let € > 0 be given. Choose s > 0 as in (3.1). For t > 0, we define the following sets:

A= {k €l : N(I17I2,~'~ ?xn—17(xnk +ynk) - (£+7])at) >1—e€and
M(l'lvx% X1, (xnk +y”k) - (f‘Hl)at) < 6}
B={kel :N(z1,22, " ,Tn-1,Tn, —&t) >1— s and
M($17x27"' 7xn717£rnk _é-vt) < 8}7
C={kel :N(x,22, " ,Tn-1,Yn, —N;t) >1—s and
M(z1, 22, , Tn—1,Yn, —N,t) < S}.
Let m € BN C. Then we have
N(x:l?x?,' 5, Tp—1, (xm +ym) - (£+n)?t)
= N(xla'r27 5y Tn—1, (J:m - g) + ((ym - 77)7 % + %)
2 N(.Tl,l:Q, o, Tp—1, (xm - §)7 %) * N(Jfl,.TQ, oy Tp—1, ((ym - 77)7 %)
>(1—s)x(l—s)>1—c¢
by (3.1) and
M(‘Tlax27' -1, (IT’L +y’m) - (§ +n))t)
< M($1,I2,"' y Ln—1,Tm 76,%)<>M(£171,"132,"' yTn—1,Ym — 1, %)
<sos<e.

This shows that m € A and hence (BN C) C A. Therefore we have A° C (B°UC°).
It follows that

rlingo h%|{k €l : Nz, z2, + ,Tn-1, (@n, +Yn,) — (E+7n),t) <1—€ and

M(Il,ﬂﬁz,"' 5In—17(xnk +y'ﬂk) - (§+77)7t) > €}|

< lim hi|{k€Ln:N(x1,:c2,~~ y Tn—1,Tn, —&t) <1—sand
r—oo r
M(.’El,iﬂz,"' y Tp—1y Ty, 7'5,15) Z 8}|
+ lim hi|{k€IT:N(x1,x2,~- s Tn—1,Yn, —1,t) <1—s and
r—oo '

M (21,29, Tn1,Yn, — N, t) > s}|
124
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Since S? (N, M) —limx,, =¢ and SfN M)~ lim y,, = n we have

S?N,M) - hm(xnk +y"k> ={+n.

This completes the proof. O

Theorem 3.6. Let A be an i-f-n-NLS. For any lacunary sequence 6, Sy ary(X) C
S(ON,M) (X) if and only if lim irrlf qr > 1.

Proof. Sufficient part: Suppose that liminf ¢. > 1. Then there exists a § > 0 such
T

that ¢ > 1+ § for sufficiently large r which implies that 2—’ > 1;16' If {xn,}

is statistically convergent to & with respect to i-f-n-norm (N, M), then for each
€ > 0,t > 0 and sufficiently large r, we have

5 {k el N(zy, 20, n1,mn, —§1) <1—€and
M(zy, @9, Tn_1,Tn, — & 1) > €}

gk% (1,22, p_1,Zn, —&t) <1 —€and
M(z1, @9, Tp_1,Tny — ;1) > €}

gkflr (X1, 22, yTp—1,%n, —&,t) <1—¢€and
M(z1, 22, -, Tn_1,Tp, — &, ) > €}|

It follows that x,, — f(s(eNyM)). Hence S(n, ) (X) C S?N,M)(X).

Necessary part: Suppose that lim inf q- = 1. Then we can select a subsequence

{krj)} of the lacunary sequence 6 such that r()” <1+ 7. and ”” L > j, where
r(j)>r(j—1)+2 Let £ £0€ X. We deﬁne a sequence {xnk} as follows

S § it kel forsome j=1,2,-
e 0, otherwise.

We shall show that {z,,} is statistically convergent to & with respect to the i-f-n-

norm (N,M). Let ¢ > 0 and ¢ > 0. Choose ¢; € (0,1) such that B(0,¢1,t) C B(0.€,t)

and £ ¢ B(0,¢,t). Also for each p we can find a positive number j, such that
125
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krij,y <p < krj,)+1- Then we have

%Hkgp:N([Ehx%"' s Tn—15Tny —f,t) < 1_67
M(z1,22,+ ,Tn_1,Tpn, — & t) > e}|
S ‘{k<p N(xl,x2,~-,xn_l,xnkff,t)glfel,

r(J)
M(xlal'%”' sy Tn—1y Tny, 7£at) Z 61}|

r(] ) H{k < k?"(j ) - N($17x27"' y Ip—1y Ty, _fat) S 1 — €1,

M(l’l,l'g,"' sy Tn—1, Tny, —fat) Z 61}|
+ ‘{kr(jp) <k Sp : N(:’El,fﬂg,"' y Tn—1,Tn, _€7t) <1 — €1,
M(.’I}h.'lfg,' oy Tp—1,Tny, _£7t> > EI}H
T(J)‘{k<k . (3017952,"',xn—1,$nk—f7t)§1—€17
M(l‘l,l’g,"' y n—15Tny _fat) Z €l}’

+ o Brip+1 = kaiy)

<*+m+1—1—*+h+1

for each p. It follows that S(N, M) — limx,, = £. Next we shall show that {z,, }
is not lacunary statistically convergent with respect to the i-f-n-norm(N, M). Since
& # 0 we choose € > 0 such that £ ¢ B(0,¢,t) for t > 0. Thus

jli> 7(])|{kr(j) 1<k<k() (mlax%"'7xn—17xnk70at)glfev
M(x17x27' o xn—la:Eﬂ.JC - Oat) Z 6}|
= lim 5o (ke = kron) = lim e () = 1
and
rlL{Iolo hir}{kr—l <k S kr : N(x1751725 s Tp—1,Tny, — fvt) S 1-— €,
r#r(5),j=1,2,

M(z1, 22, , Tn-1,%n, —&,1) 26}’ =1#0.

Hence neither £ nor 0 can be lacunary statistical limit of the sequence {z,,} with
respect to the intuitionistic fuzzy n-norm (N, M). No other point of X can be lacu-
nary statistical limit of the sequence as well. Hence {z,, } ¢ S(QM ) (X) completing
the proof. O

The following example establishes that lacunary statistical convergence need not
imply statistical convergence.

Example 3.7. Let (X, ||e,---,e|| ) be a n-normed linear space, where X = R.
Define a * b = ab and a ©b = min{a + b,1} for all a,b € [0, 1],

-t
N(.’L‘l,$2, T ’xnk’t) Ttz a2,y |

and
lz1,22, - @n, |
t+lz1,me, @0,

M($1,$2,"‘ 7xnk7t) =
126
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Then A = (X, N, M, x,0) is an i-f-n-NLS. We define a sequence {x,, } by
nk for k.—(h.)+1<k<k.,reN
Ty, =
* 0  otherwise.

For e >0and t >0,

K.(e,t)={k e N: N(x1,22, + ,Tp_1,2n,,t) <1—€and
M(z1,%2,  ,Tp-1,Tn,,t) > €}.
Then
K,(e,t)={keN: t+”$17$27"'tv517n71:xnk” <1l-e€and
e e 2 €
={keN:|z1, 20, ,Zp_1,Zn, || > lite > 0}

={keN:z,, =nk}
={keN:k — (Vh)+1<k<k.,reN}
and so, we get
LK (e ) = Tk €Nk — (V) +1 <k < kyyr € N}| < ¥
= lim ;=K (e,t)] =0

= @, — 0 (S{yan)-

On the other hand x,, - 0 (S(y,ar)), since

t
t+ler, @2, Tn—1,Tn,

:{t;nk, for Kk —(Vh)+1<k<k,reN

N(.’L‘l,ﬁfQ,"' a‘rnflvxnkvt) =

1, otherwise

IA

1

and

[|z1,22, " Tn, ||
t+lzr,x2, |

_ {#ﬁiw for Ky — (VAr)+1<k<k,reN

M(z1,22,  ,Tn—1,Tn,,,t) =

0, otherwise
> 0.
Hence xn, - 0 (S, )
Theorem 3.8. Let A be an i-f-n-NLS. For any lacunary sequence 0, S(QN,M) (X) cC
Snv,my(X) if and only if lim sup ¢, < oc.
Proof. Sufficient part: If limsup g, < oo, then there is a H > 0 such that ¢, < H
for all r. Suppose that z,, — ¢ (S?N)M)) , and let
PT = |{k € I"" : N($1,$2,"‘ axnflaxnk —f,t) S 1—¢ and

M(x1, 29, yTp_1,Tn, —&,t) > e}|
127
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By definition of a lacunary statistical convergent sequence, there is a positive number
ro such that

(3.2) %‘ < € forall r > .

Now let K = max {P, : 1 <r < rp} and p be any integer satisfying k,_1 < p < k.
Then we have

%Hk <p:N(x1,22,  ,Tn_1,Tn, —&t) <1—€and
M(z1,22, ,Tn_1,Tn, — & t) > e}|

< ﬁHk <kr:N(zi,22,-+ ,Tp-1,%n, —&,1) <1—e€and
M(x1, 29, ,Tp—1,Tn, —&,t) > e}|

< AP+ Pt + P+ Pyt + P}

< 2 o+ e 7 4 b f

<pfg L (Sup ;j) {hros1 + -+ by}

r>ro
g L (by (3.2))
S%+eqré Z‘if +eH,

and so {z,,} is statistically convergent. Hence S(QN ) (X) C Sy (X).
Necessary part: Suppose that limsup g, = oco. Let £ # 0 € X. Select a subse-

quence {k,(;)} of the lacunary sequence 6 = {k,} such that g,;y > j, ky;) > j + 3.
Define a sequence {z,, } as follows:

I § it key—1 <k < 2k.j)—; for some j =1,2,---
e 0, otherwise.

Since £ # 0 we can choose € > 0 such that £ ¢ B(0,¢,t) for ¢t > 0. Now for j > 1,

th(,~> ’{k <kpiy : N(wy,22,- -+ ,2p_1,%p, —0,1) <1 —€and

M(x17$25 Ly Tp—1,Tpy, — O,t) > 6}’
1 1 1
< R (kriy—1) < (kriy—kr(i)—1) (kr()-1) < 573

Therefore we have {z,, } € S?N,M)(X). But {zn, } ¢ Siv,am)(X). For

1 ’{k < 2kp(j)—1 : N(@1, 22, ,@p_1,%p, —0,1) <1 —€and

2k (j)—1
M($17$2, oy Tn—1,Tny, — O,t) > 6}|
1 1
= gt -1 H o1+ gy} > 5

This shows that{x,, } cannot be statistically convergent with respect to the intu-
itionistic fuzzy n-norm (N, M). O

Theorems 3.6/ and [3.8] immediately give the following corollary.
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Corollary 3.9. Let A be an i-f-n-NLS. For any lacunary sequence 0, S(BN’M) (X) =
S,y (X) if and only if 1 < liminf ¢, < limsup g, < oo.
T r

Definition 3.10. Let A be an i-f-n-NLS and 6 be a lacunary sequence. A se-
quence {z,,} in X is said to be lacunary-f-statistically Cauchy provided there
is a subsequence {z,,,  } of the sequence {zn, } such that k'(r) € I, for each
r,(N, M) — Tlirgoxnk,(T) = ¢ and for each € > 0 and t > 0,

lim h%‘{k‘ €I, : N(xi,x2, "+ ,Tpn_1,Tn, —xnk,(r),t) <1-—e€cand

T™—00

M(xlax27"' 7$n—17xnk _xnk/<r)7t) Z €}| - O

Theorem 3.11. Let A be an i-f-n-NLS and 0 be lacunary sequence. A sequence
{zn,} in X is lacunary-9-statistically convergent if and only if it is lacunary-0-
statistically Cauchy.

Proof. We first assume that S?N)M) —lima,, =& Fort>0and j €N, let

K(j,t) ={k e N: N(z1,22, - ,Zpn—1,Tn, — & 1) >1—%and

M(xlame" sy Tn—1,Tny, _é—,t) < ]l}

Then we have the following:
(i) K(j+1,t) C K(j,t) and
(ii) welasrﬁoo.

This implies that we can choose a positive integer m(1) such that for r > m(1), we
have w > 0. ie., K(1,t) NI, # @. Next we can choose m(2) > m(1) so
that 7 > m(2) implies K (2,t)N I, # &. Thus for each r satisfying m(1) < r < m(2),
choose k'(r) € I, such that k'(r) € I, N K(1,¢), i.e.,

N(z1, @2, Tn-1,Tn,,,, — &) >0
and
M(x1, o, - s Tp—1, Tny —&,t) < 1.
In general, we can choose m(p + 1) > m(p) such that
r>m(p+1) implies I, NK(p+1,t) # @.
Thus for all r satisfying m(p) < r < m(p+ 1), choose k'(r) € I, N K(p, t), i.e.,

N(z1, @2, &n-1,2n,,,, —&t)>1—1 and
(3.3) K (r) »

1
M(xhx%"' uxnfhxnk/(r) _§7t) < 'R

Thus k'(r) € I, for each r together with (3.3) implies that (N, M) — lim a,,, =&

For € > 0, choose s > 0 such that (1—s)*(1—s)>1—cand sos <e. Fort >0, if
129



N. Thillaigovindan et al./Annals of Fuzzy Mathematics and Informatics 1 (2011), No. 2, 119-131

we take
A={kel : N(xi,z2,  ,Tn-1,Tn, — Tp,,,,,t) >1—¢€and
M (21,22, Tp—1,Tn, — Tny ()0 t) < €}
B={kel :N(zi,z2,  ,Tn-1,2n, —&1t)>1—sand
M(z1,22,  ,&p—1,Zn, — & t) < s}
C={kel,: N, 22, ,Tp_1,Tn,,, —§1)>1—sand
M (21,22, s Tp1,Tn,,, —§:1) < s},

then we find that (BN C) C A and therefore A° C (B°U C°).
Thus we have

Tlirgo hi‘{k; €l : N(xy,x2,+ ,Tp_1,Tn, —xnk,(T),t) <1-—ecand
M (21,22, Tp1, Ty, — Tnyy(,5 1) = e}|
< Tlin;o%’{k €l,.: N(xy,x2, + ,Tp_1,Tpn, —&t) <1—sand
M(z1,22,  ,Tn-1,Tn, — &, t) > s}|
+rlin;o %Hk €1, :N(zy,zg, - s Tn—15 Tny —&,t)<1-—sand
M(xy,xa,- - s Tp—1, Ty, —&,t) > s}’

Since S?N)M) —limz,, = ¢ and (N,M) — TIL% Ty, = & it follows that {zn,} is
S?N M)” Cauchy.

Conversely, suppose that {x,, } is a lacunary-6-statistically Cauchy sequence with
respect to the i-f-n-norm (N, M). By definition there is a subsequence {z,,, } of
the sequence {y, }, such that £'(r) € I, and for each r, (N, M) — lim z,, = =¢

r—00
and for each ¢ > 0 and t > 0,

(5.4) Thj& h%|{k €l : N(xzi,22, + ,Tn-1,%n, —znk,(r),t) <1—¢€and
M(I17I2,"' y Tn—1, Tny, 71‘nk/(7,>7t) Z €}| =0.

As before we have the following inequality

rlingo h%|{k €l : N(xy,z2,+ ,Tpn_1,%Tn, —&t) <1—¢€and
M(xlax%’” y Tp—1y Ty, 75715) Z GH

< lim hi|{k €I, : N(xy,22, + ,Tn_1,Tn, fxnk_,m,t) <1-sand

r—oo T
M($1,$27"‘ »xnflvl'nk _xnk/(r) _gvt) Z 3}|
+ lim hi|{k €1, : N(zy, 29, - s Tn—15 Tnyr —&t)<1-—sand
rT—00 T

M(xthv"' 7xn717mnk/(r) _gvt) 2 S}|

Since (N, M) — lim z,,, = ¢ it follows from (3.4) that z,, — f(S(ON,M))' O
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