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1. Introduction

Motivated by the theory of n-normed linear space [12, 13, 16] and fuzzy normed
linear space [1, 2, 4, 6, 7] the notions of fuzzy n-normed linear space [18] and in-
tuitionistic fuzzy n-normed linear space [19] have been developed. The concept of
statistical convergence for real number sequences was first introduced by Fast [5]
and Schoneberg [22] independently. Later, it was further investigated from sequence
point of view and linked with summability theory by Fridy [9], Salat [21] and many
others. Fridy [10] introduced the concept of lacunary statistical convergence. Some
work on lacunary statistical convergence can be found in [3, 8, 11, 15, 20]. Karakus
[14] et al. investigated the statistical convergence on intuitionistic fuzzy normed
spaces and gave a characterization for statistically convergent sequences on these
spaces. Mursaleen [17] et al. extended the results of Karakus from single sequence
to double sequences on intuitionistic fuzzy normed spaces.

Our aim in this paper is to introduce the notions of lacunary statistical con-
vergence and lacunary statistical Cauchy sequence in intuitionistic fuzzy n-normed
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linear spaces and establish some inclusion relations between statistical convergence
and lacunary statistical convergence in intuitionistic fuzzy n-normed linear spaces.

2. Preliminaries

In this section we recall some useful definitions and results.

Definition 2.1 ([23]). A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is a continuous
t-norm if ∗ satisfies the following conditions:

(i) ∗ is commutative and associative,
(ii) ∗ is continuous,
(iii) a ∗ 1 = a, for all a ∈ [0, 1],
(iv) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d and a, b, c, d ∈ [0, 1].

Definition 2.2 ([23]). A binary operation ¦ : [0, 1] × [0, 1] → [0, 1] is continuous
t-co-norm if ¦satisfies the following conditions:

(i) ¦ is commutative and associative,
(ii) ¦ is continuous,
(iii) a ¦ 0 = a for all a ∈ [0, 1],
(iv) a ¦ b ≤ c ¦ d whenever a ≤ c and b ≤ d and a, b, c, d ∈ [0, 1].

Definition 2.3 ([19]). An intuitionistic fuzzy n-normed linear space or in short
i-f-n-NLS is an object of the form

A = {(X, N(x, t), M(x, t)) | x = (x1, x2, · · · , xn) ∈ Xn}
where X is a linear space over a field F, ∗ is a continuous t-norm, ¦ is a continu-
ous t-co-norm and N, M are fuzzy sets on Xn × (0,∞); N denotes the degree of
membership and M denotes the degree of non-membership of (x1, x2, · · · , xn, t) ∈
Xn × (0,∞) satisfying the following conditions:

(1) N(x, t) + M(x, t) ≤ 1,
(2) N(x, t) > 0,
(3) N(x1, x2, · · · , xn, t) = 1 if and only if x1, x2, · · · , xn are linearly dependent,
(4) N(x1, x2, · · · , xn, t) is invariant under any permutation of x1, x2, · · · , xn,
(5) N(x1, x2, · · · , cxn, t) = N(x1, x2, · · · , xn, t

|c| ) if c 6= 0,c ∈ F,

(6) N(x1, x2, · · · , xn, s) ∗N(x1, x2, · · · , x′n, t) ≤ N(x1, x2, · · · , xn + x′n, s + t),
(7) N(x, ◦) : (0,∞) → [0, 1] is continuous in t,
(8) M(x, t) > 0,
(9) M(x1, x2, · · · , xn, t) = 0 if and only if x1, x2, · · · , xn are linearly dependent,

(10) M(x1, x2, · · · , xn, t) is invariant under any permutation of x1, x2, · · · , xn,

(11) M(x1, x2, · · · , cxn, t) = M
(
x1, x2, · · · , xn, t

|c|
)

, if c 6= 0, c ∈ F,

(12) M(x1, x2, · · · , xn, s) ¦M(x1, x2, · · · , x′n, t) ≥ M(x1, x2, · · · , xn + x′n, s + t),
(13) M(x, ◦) : (0,∞) → [0, 1] is continuous in t.

Example 2.4 ([24]). Let (X, ||•, · · · , •||) be a n-normed linear space, where X = R.
Define a ∗ b = min{a, b} and a ¦ b = max{a, b} for all a, b ∈ [0, 1],

N(x1, x2, · · · , xn, t) = e
−‖x1,x2,··· ,xn‖

t
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and

M(x1, x2, · · · , xn, t) = 1− e
−‖x1,x2,··· ,xn‖

t .

Then A = {X, N(x1, x2, · · · , xn, t),M(x1, x2, · · · , xn, t) | (x1, x2, · · · , xn) ∈ Xn} is
an i-f-n-NLS.

Remark 2.5. For convenience we denote the intuitionistic fuzzy n-normed linear
space by A = (X,N,M, ∗, ¦).
Definition 2.6 ([2]). Let (U,N) be a fuzzy normed linear space. We define a set
B(x, α, t) as B(x, α, t) = {y : N(x− y, t) > 1− α}.
Definition 2.7 ([19]). A sequence {xnk

} in an i-f-n-NLS A is said to converge to
ξ ∈ X with respect to the intuitionistic fuzzy n-norm (N,M) if for each ε > 0, t > 0
there exists a positive integer n0 such that N(x1, x2, · · · , xn−1, xnk

− ξ, t) > 1 − ε
and M(x1, x2, · · · , xn−1, xnk

− ξ, t) < ε for all k ≥ n0.

The element ξ is called the limit of the sequence {xnk
} with respect to the intu-

itionistic fuzzy n-norm (N, M) and is denoted as (N, M)− limxnk
= ξ.

Definition 2.8 ([19]). A sequence {xnk
} in an i-f-n-NLS A is said to be Cauchy

with respect to the intuitionistic fuzzy n-norm (N,M) if for each ε > 0 and t > 0
there exists a positive integer m0 such that N(x1, x2, · · · , xn−1, xnp −xnq , t) > 1− ε
and M(x1, x2, · · · , xn−1, xnp − xnq , t) < ε whenever p, q ≥ m0.

Definition 2.9 ([9]). A lacunary sequence is an increasing integer sequence θ = {kr}
of positive integers such that k0 = 0 and hr = kr − kr−1 →∞ as r →∞.

Throughout this paper the intervals determined by θ will be denoted by Ir =
(kr−1, kr] and qr = kr

kr−1
.

Definition 2.10 ([9]). For a lacunary sequence θ = {kr}, the number sequence
{xk} is said to be lacunary statistically convergent to a number ξ provided that for
each ε > 0, lim

r→∞
1

hr
|{k ∈ Ir : |xk − ξ| ≥ ε}| = 0, where the vertical bar denotes the

cardinality of the enclosed set. In this case we write Sθ − lim
k→∞

xk = ξ.

3. Lacunary statistical convergence in intuitionistic fuzzy
n-normed linear space

Definition 3.1. Let A be an i-f-n-NLS. We define an open ball B(x, r, t) with center
x on the nth coordinate of Xn and radius 0 < r < 1, as

B(x, r, t) = {y ∈ X : N(x1, x2, · · · , xn−1, x− y, t) > 1− r and

M(x1, x2, · · · , xn−1, x− y, t) < r}
for t > 0.

Definition 3.2. Let A be an i-f-n-NLS. A sequence {xnk
} of elements in X is said

to be statistically convergent to ξ ∈ X with respect to the i-f-n-norm (N,M) if for
each ε > 0 and t > 0, there exists p ∈ N such that

lim
p→∞

1
p |{k ≤ p : N(x1, x2, · · · , xn−1, xnk

− ξ, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε}| = 0.
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The element ξ is called the statistical limit of the sequence {xnk
} with respect to

the intuitionistic fuzzy n-norm (N,M) and is denoted as S(N, M)− limxnk
= ξ or

xnk
→ ξ(S(N,M)).

Definition 3.3. Let A be an i-f-n-NLS and θ be a lacunary sequence. A sequence
{xnk

} of elements in X is said to be lacunary statistically convergent to ξ ∈ X with
respect to the i-f-n-norm (N, M) if for each ε > 0 and t > 0,

lim
r→∞

1
hr
|{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk

− ξ, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε}| = 0.

The element ξ is called the lacunary statistical limit of the sequence {xnk
} with re-

spect to the intuitionistic fuzzy n-norm (N, M) and is denoted as Sθ
(N,M)− limxnk

=
ξ or xnk

→ ξ(Sθ
(N,M)).

We denote by Sθ
(N,M)(X), the set of all lacunary statistically convergent sequences

in an i-f-n-NLS A.
Next we show that for any fixed θ, Sθ

(N,M)−limit is unique provided it exists.

Theorem 3.4. Let A be an i-f-n-NLS and θ be a fixed lacunary sequence. If {xnk
}

is a sequence in X such that Sθ
(N,M) − limxnk

= ξ exists, then it is unique.

Proof. Suppose that there exist elements ξ, η with (ξ 6= η) ∈ X such that

Sθ
(N,M) − limxnk

= ξ and Sθ
(N,M) − limxnk

= η.

Let ε > 0 be arbitrary. Choose s > 0 such that

(1− s) ∗ (1− s) > 1− ε and s ¦ s < ε.(3.1)

For t > 0, we take

A = {k ∈ Ir | N(x1, x2, · · · , xn−1, xnk
− ξ, t) > 1− s,

M(x1, x2, · · · , xn−1, xnk
− ξ, t) < s}

and

B = {k ∈ Ir | N(x1, x2, · · · , xn−1, xnk
− η, t) > 1− s,

M(x1, x2, · · · , xn−1, xnk
− η, t) < s}.

We shall first show that for ξ 6= η and t > 0, A ∩B = φ. For, if m ∈ A ∩B then

N(x1, x2, · · · , xn−1, ξ − η, t)

≥ N(x1, x2, · · · , xn−1, xm − ξ, t
2 ) ∗N(x1, x2, · · · , xn−1, xm − η, t

2 )

> (1− s) ∗ (1− s) > 1− ε.

by (3.1). Since ε > 0 is arbitrary we have N(x1, x2, · · · , xn−1, ξ − η, t) = 1 for every
t > 0. Similarly M(x1, x2, · · · , xn−1, ξ − η, t) = 0 for every t > 0. This implies that
ξ − η = 0, a contradiction to ξ 6= η. Thus A ∩ B = φ and therefore A ⊂ Bc. Hence
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we have
lim

r→∞
1

hr

{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− ξ, t) > 1− s and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) < s}


≤ lim

r→∞
1

hr

{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− η, t) ≤ 1− s and

M(x1, x2, · · · , xn−1, xnk
− η, t) ≥ s}.

Since Sθ
(N,M) − lim xnk

= η, it follows that

lim
r→∞

1
hr

{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− ξ, t) > 1− s and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) < s} ≤ 0.

Since this cannot be negative we have

lim
r→∞

1
hr

{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− ξ, t) > 1− s and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) < s}

 = 0.

This contradicts the fact that Sθ
(N,M) − limxnk

= ξ. Hence ξ = η. ¤

Theorem 3.5. Sθ
(N,M)(X) is a linear space.

Proof. Let {xnk
} be a sequence in X.

(i) If Sθ
(N,M) − limxnk

= ξ and α 6= 0 ∈ R, then we need to prove that

Sθ
(N,M) − limαxnk

= α ξ.

Let ξ > 0 and t > 0. If we take

A = {k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− ξ, t) > 1− ε and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) < ε}

and
B = {k ∈ Ir : N(x1, x2, · · · , xn−1, αxnk

− αξ, t) > 1− ε and

M(x1, x2, · · · , xn−1, αxnk
− αξ, t) < ε}.

Let m ∈ A. Then we have
N(x1, x2, · · · , xn−1, αxm − αξ, t) = N(x1, x2, · · · , xn−1, xm − ξ, t

|α| )

≥ N(x1, x2, · · · , xn−1, xm − ξ, t) ∗N(0, t
|α| − t)

≥ N(x1, x2, · · · , xn−1, xm − ξ, t) ∗ 1

≥ N(x1, x2, · · · , xn−1, xm − ξ, t)
> 1− ε

and
M(x1, x2, · · · , xn−1, αxm − αξ, t) = M(x1, x2, · · · , xn−1, xm − ξ, t

|α| )

≤ M(x1, x2, · · · , xn−1, xm − ξ, t) ¦M(0, t
|α| − t)

≤ M(x1, x2, · · · , xn−1, xm − ξ, t) ¦ 0

≤ M(x1, x2, · · · , xn−1, xm − ξ, t) < ε
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which implies that m ∈ B. Hence we have A ⊂ B and therefore Bc ⊂ Ac. It follows
that

lim
r→∞

1
hr

{k ∈ Ir : N(x1, x2, · · · , xn−1, αxnk
− αξ, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, αxnk
− αξ, t) ≥ ε}


≤ lim

r→∞
1

hr

{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε}

.

Since Sθ
(N,M) − lim xnk

= ξ, it follows that Sθ
(N,M) − limαxnk

= αξ.

(ii) Let {xnk
} and {ynk

} be two sequences in X. If Sθ
(N,M) − limxnk

= ξ and
Sθ

(N,M) − lim ynk
= η, then we have to prove that Sθ

(N,M) − lim(xnk
+ ynk

) = ξ + η.

Let ε > 0 be given. Choose s > 0 as in (3.1). For t > 0, we define the following sets:

A = {k ∈ Ir : N(x1, x2, · · · , xn−1, (xnk
+ ynk

)− (ξ + η), t) > 1− ε and

M(x1, x2, · · · , xn−1, (xnk
+ ynk

)− (ξ + η), t) < ε}

B = {k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− ξ, t) > 1− s and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) < s},

C = {k ∈ Ir : N(x1, x2, · · · , xn−1, ynk
− η, t) > 1− s and

M(x1, x2, · · · , xn−1, ynk
− η, t) < s}.

Let m ∈ B ∩ C. Then we have

N(x1, x2, · · · , xn−1, (xm + ym)− (ξ + η), t)

= N(x1, x2, · · · , xn−1, (xm − ξ) + ((ym − η), t
2 + t

2 )

≥ N(x1, x2, · · · , xn−1, (xm − ξ), t
2 ) ∗N(x1, x2, · · · , xn−1, ((ym − η), t

2 )

> (1− s) ∗ (1− s) > 1− ε

by (3.1) and

M(x1, x2, · · · , xn−1, (xm + ym)− (ξ + η), t)

≤ M(x1, x2, · · · , xn−1, xm − ξ, t
2 ) ¦M(x1, x2, · · · , xn−1, ym − η, t

2 )
< s ¦ s < ε.

This shows that m ∈ A and hence (B ∩C) ⊂ A. Therefore we have Ac ⊂ (Bc ∪Cc).
It follows that

lim
r→∞

1
hr

∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, (xnk
+ ynk

)− (ξ + η), t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, (xnk
+ ynk

)− (ξ + η), t) ≥ ε}∣∣
≤ lim

r→∞
1

hr

∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− s and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ s}

∣∣
+ lim

r→∞
1

hr

∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, ynk
− η, t) ≤ 1− s and

M(x1, x2, · · · , xn−1, ynk
− η, t) ≥ s}∣∣.
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Since Sθ
(N,M) − lim xnk

= ξ and Sθ
(N,M) − lim ynk

= η we have

Sθ
(N,M) − lim(xnk

+ ynk
) = ξ + η.

This completes the proof. ¤

Theorem 3.6. Let A be an i-f-n-NLS. For any lacunary sequence θ, S(N,M)(X) ⊂
Sθ

(N,M)(X) if and only if lim inf
r

qr > 1.

Proof. Sufficient part: Suppose that lim inf
r

qr > 1. Then there exists a δ > 0 such

that qr ≥ 1 + δ for sufficiently large r which implies that hr

kr
≥ δ

1+δ . If {xnk
}

is statistically convergent to ξ with respect to i-f-n-norm (N, M), then for each
ε > 0, t > 0 and sufficiently large r, we have

δ
1+δ

1
hr

∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε}∣∣

≤ 1
kr

∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε}

∣∣
≤ 1

kr

∣∣{k ≤ kr : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε}

∣∣.

It follows that xnk
→ ξ(sθ

(N,M)). Hence S(N,M)(X) ⊂ Sθ
(N,M)(X).

Necessary part: Suppose that lim inf
r

qr = 1. Then we can select a subsequence

{kr(j)} of the lacunary sequence θ such that kr(j)

kr(j)−1
< 1 + 1

j and kr(j)−1

kr(j−1)
> j, where

r(j) ≥ r(j − 1) + 2. Let ξ 6= 0 ∈ X. We define a sequence {xnk
} as follows:

xnk
=

{
ξ, if k ∈ Ir(j) for some j = 1, 2, · · ·
0, otherwise.

We shall show that {xnk
} is statistically convergent to ξ with respect to the i-f-n-

norm (N,M). Let ε > 0 and t > 0. Choose ε1 ∈ (0, 1) such that B(0, ε1, t) ⊂ B(0.ε, t)
and ξ /∈ B(0, ε, t). Also for each p we can find a positive number jp such that
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kr(jp) < p ≤ kr(jp)+1. Then we have
1
p

∣∣{k ≤ p : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− ε,

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε}∣∣

≤ 1
kr(jp)

∣∣{k ≤ p : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− ε1,

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε1}

∣∣
≤ 1

kr(jp)

[∣∣{k ≤ kr(jp) : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− ε1,

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε1}

∣∣
+

∣∣{kr(jp) < k ≤ p : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− ε1,

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε1}

∣∣]

≤ 1
kr(jp)

∣∣{k ≤ kr(jp) : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− ε1,

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε1}

∣∣
+ 1

kr(jp)
(kr(jp)+1 − kr(jp))

< 1
jp

+ 1
jp+1 + 1− 1 = 1

jp
+ 1

jp+1

for each p. It follows that S(N, M) − limxnk
= ξ. Next we shall show that {xnk

}
is not lacunary statistically convergent with respect to the i-f-n-norm(N, M). Since
ξ 6= 0 we choose ε > 0 such that ξ /∈ B(0, ε, t) for t > 0. Thus

lim
j→∞

1
hr(j)

∣∣{kr(j)−1 < k ≤ kr(j) : N(x1, x2, · · · , xn−1, xnk
− 0, t) ≤ 1− ε,

M(x1, x2, · · · , xn−1, xnk
− 0, t) ≥ ε}∣∣

= lim
j→∞

1
hr(j)

(kr(j) − kr(j−1)) = lim
j→∞

1
hr(j)

(hr(j)) = 1

and
lim

r→∞
r 6=r(j),j=1,2,···

1
hr

∣∣{kr−1 < k ≤ kr : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− ε,

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε}∣∣ = 1 6= 0.

Hence neither ξ nor 0 can be lacunary statistical limit of the sequence {xnk
} with

respect to the intuitionistic fuzzy n-norm (N,M). No other point of X can be lacu-
nary statistical limit of the sequence as well. Hence {xnk

} /∈ Sθ
(N,M)(X) completing

the proof. ¤

The following example establishes that lacunary statistical convergence need not
imply statistical convergence.

Example 3.7. Let (X, ||•, · · · , •|| ) be a n-normed linear space, where X = R.
Define a ∗ b = ab and a ¦ b = min{a + b, 1} for all a, b ∈ [0, 1],

N(x1, x2, · · · , xnk
, t) = t

t+‖x1,x2,··· ,xnk
‖

and
M(x1, x2, · · · , xnk

, t) = ‖x1,x2,··· ,xnk
‖

t+‖x1,x2,··· ,xnk
‖ .
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Then A = (X, N,M, ∗, ¦) is an i-f-n-NLS. We define a sequence {xnk
} by

xnk
=

{
nk for kr − (

√
hr) + 1 ≤ k ≤ kr, r ∈ N

0 otherwise.

For ε > 0 and t > 0,
Kr(ε, t) = {k ∈ N : N(x1, x2, · · · , xn−1, xnk

, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
, t) ≥ ε}.

Then
Kr(ε, t) = {k ∈ N : t

t+‖x1,x2,··· ,xn−1,xnk
‖ ≤ 1− ε and

‖x1,x2,··· ,xnk
‖

t+‖x1,x2,··· ,xn−1,xnk
‖ ≥ ε}

= {k ∈ N : ‖x1, x2, · · · , xn−1, xnk
‖ ≥ εt

1−ε > 0}
= {k ∈ N : xnk

= nk}
= {k ∈ N : kr − (

√
hr) + 1 ≤ k ≤ kr, r ∈ N}

and so, we get
1

hr
|Kr(ε, t)| = 1

hr
|{k ∈ N : kr − (

√
hr) + 1 ≤ k ≤ kr, r ∈ N}| ≤

√
hr

hr

⇒ lim
r→∞

1
hr
|Kr(ε, t)| = 0

⇒ xnk
→ 0 (Sθ

(N,M)).

On the other hand xnk
9 0 (S(N,M)), since

N(x1, x2, · · · , xn−1, xnk
, t) = t

t+‖x1,x2,··· ,xn−1,xnk
‖

=

{
t

t+nk , for kr − (
√

hr) + 1 ≤ k ≤ kr, r ∈ N
1, otherwise

≤ 1

and

M(x1, x2, · · · , xn−1, xnk
, t) = ‖x1,x2,··· ,xnk

‖
t+‖x1,x2,··· ,xnk

‖

=

{
nk

t+nk , for kr − (
√

hr) + 1 ≤ k ≤ kr, r ∈ N
0, otherwise

≥ 0.

Hence xnk
9 0 (S(N,M)).

Theorem 3.8. Let A be an i-f-n-NLS. For any lacunary sequence θ, Sθ
(N,M)(X) ⊂

S(N,M)(X) if and only if lim sup
r

qr < ∞.

Proof. Sufficient part: If lim sup
r

qr < ∞, then there is a H > 0 such that qr < H

for all r. Suppose that xnk
→ ξ (Sθ

(N,M)) , and let

Pr =
∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk

− ξ, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε}∣∣.
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By definition of a lacunary statistical convergent sequence, there is a positive number
r0 such that

Pr

hr
< ε forall r > r0.(3.2)

Now let K = max {Pr : 1 ≤ r ≤ r0} and p be any integer satisfying kr−1 < p ≤ kr.
Then we have

1
p

∣∣{k ≤ p : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε}

∣∣
≤ 1

kr−1

∣∣{k ≤ kr : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε}∣∣

≤ 1
kr−1

{P1 + P2 + · · ·+ Pr0 + Pr0+1 + · · ·+ Pr}
≤ K

kr−1
r0 + 1

kr−1
{hr0+1

Pr0+1

hr0+1
+ · · ·+ hr

Pr

hr
}

≤ r0 K
kr−1

+ 1
kr−1

(
sup
r>r0

Pr

hr

)
{hr0+1 + · · ·+ hr}

≤ r0 K
kr−1

+ ε
kr−kr0

kr−1
(by (3.2))

≤ r0 K
kr−1

+ ε qr ≤ r0 K
kr−1

+ ε H,

and so {xnk
} is statistically convergent. Hence Sθ

(N,M)(X) ⊂ S(N,M)(X).
Necessary part: Suppose that lim sup

r
qr = ∞. Let ξ 6= 0 ∈ X. Select a subse-

quence {kr(j)} of the lacunary sequence θ = {kr} such that qr(j) > j, kr(j) > j + 3.
Define a sequence {xnk

} as follows:

xnk
=

{
ξ, if kr(j)−1 < k ≤ 2kr(j)−1 for some j = 1, 2, · · ·
0, otherwise.

Since ξ 6= 0 we can choose ε > 0 such that ξ /∈ B(0, ε, t) for t > 0. Now for j > 1,
1

hr(j)

∣∣{k ≤ kr(j) : N(x1, x2, · · · , xn−1, xnk
− 0, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− 0, t) ≥ ε}∣∣

< 1
hr(j)

(kr(j)−1) < 1
(kr(j)−kr(j)−1)

(kr(j)−1) < 1
j−1 .

Therefore we have {xnk
} ∈ Sθ

(N,M)(X). But {xnk
} /∈ S(N,M)(X). For

1
2kr(j)−1

∣∣{k ≤ 2kr(j)−1 : N(x1, x2, · · · , xn−1, xnk
− 0, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− 0, t) ≥ ε}∣∣

= 1
2kr(j)−1{kr(1)−1 + kr(2)−1 + · · ·+ kr(j)−1} > 1

2 .

This shows that{xnk
} cannot be statistically convergent with respect to the intu-

itionistic fuzzy n-norm (N, M). ¤

Theorems 3.6 and 3.8 immediately give the following corollary.
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Corollary 3.9. Let A be an i-f-n-NLS. For any lacunary sequence θ, Sθ
(N,M)(X) =

S(N,M)(X) if and only if 1 < lim inf
r

qr ≤ lim sup
r

qr < ∞.

Definition 3.10. Let A be an i-f-n-NLS and θ be a lacunary sequence. A se-
quence {xnk

} in X is said to be lacunary-θ-statistically Cauchy provided there
is a subsequence {xnk′(r)

} of the sequence {xnk
} such that k′(r) ∈ Ir for each

r, (N, M)− lim
r→∞

xnk′(r)
= ξ and for each ε > 0 and t > 0,

lim
r→∞

1
hr

∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− xnk′(r)

, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− xnk′(r)

, t) ≥ ε}
∣∣ = 0.

Theorem 3.11. Let A be an i-f-n-NLS and θ be lacunary sequence. A sequence
{xnk

} in X is lacunary-θ-statistically convergent if and only if it is lacunary-θ-
statistically Cauchy.

Proof. We first assume that Sθ
(N,M) − limxnk

= ξ. For t > 0 and j ∈ N, let

K(j, t) = {k ∈ N : N(x1, x2, · · · , xn−1, xnk
− ξ, t) > 1− 1

j and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) < 1

j }.

Then we have the following:

(i) K(j + 1, t) ⊂ K(j, t) and
(ii) |K(j, t) ∩ Ir|

hr
→ 1 as r →∞.

This implies that we can choose a positive integer m(1) such that for r ≥ m(1), we
have |K(1, t) ∩ Ir|

hr
> 0. i.e., K(1, t) ∩ Ir 6= ∅. Next we can choose m(2) > m(1) so

that r ≥ m(2) implies K(2, t)∩Ir 6= ∅. Thus for each r satisfying m(1) ≤ r ≤ m(2),
choose k′(r) ∈ Ir such that k′(r) ∈ Ir ∩K(1, t), i.e.,

N(x1, x2, · · · , xn−1, xnk′(r)
− ξ, t) > 0

and

M(x1, x2, · · · , xn−1, xnk′(r)
− ξ, t) < 1.

In general, we can choose m(p + 1) > m(p) such that

r > m(p + 1) implies Ir ∩K(p + 1, t) 6= ∅.

Thus for all r satisfying m(p) ≤ r ≤ m(p + 1), choose k′(r) ∈ Ir ∩K(p, t), i.e.,

N(x1, x2, · · · , xn−1, xnk′(r)
− ξ, t) > 1− 1

p and

M(x1, x2, · · · , xn−1, xnk′(r)
− ξ, t) < 1

p .
(3.3)

Thus k′(r) ∈ Ir for each r together with (3.3) implies that (N, M)− lim
r→∞

xnk′(r)
= ξ.

For ε > 0, choose s > 0 such that (1− s) ∗ (1− s) > 1− ε and s ¦ s < ε. For t > 0, if
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we take
A = {k ∈ Ir : N(x1, x2, · · · , xn−1, xnk

− xnk′(r)
, t) > 1− ε and

M(x1, x2, · · · , xn−1, xnk
− xnk′(r)

, t) < ε}
B = {k ∈ Ir : N(x1, x2, · · · , xn−1, xnk

− ξ, t) > 1− s and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) < s}

C = {k ∈ Ir : N(x1, x2, · · · , xn−1, xnk′(r)
− ξ, t) > 1− s and

M(x1, x2, · · · , xn−1, xnk′(r)
− ξ, t) < s},

then we find that (B ∩ C) ⊂ A and therefore Ac ⊂ (Bc ∪ Cc).
Thus we have

lim
r→∞

1
hr

∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− xnk′(r)

, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− xnk′(r)

, t) ≥ ε}
∣∣

≤ lim
r→∞

1
hr

∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− s and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ s}

∣∣
+ lim

r→∞
1

hr

∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk′(r)
− ξ, t) ≤ 1− s and

M(x1, x2, · · · , xn−1, xnk′(r)
− ξ, t) ≥ s}

∣∣.
Since Sθ

(N,M) − limxnk
= ξ and (N, M) − lim

r→∞
xnk′(r)

= ξ it follows that {xnk
} is

Sθ
(N,M)- Cauchy.
Conversely, suppose that {xnk

} is a lacunary-θ-statistically Cauchy sequence with
respect to the i-f-n-norm (N, M). By definition there is a subsequence {xnk′(r)

} of
the sequence {xnk

}, such that k′(r) ∈ Ir and for each r, (N, M) − lim
r→∞

xnk′(r)
= ξ

and for each ε > 0 and t > 0,

lim
r→∞

1
hr

∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− xnk′(r)

, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− xnk′(r)

, t) ≥ ε}
∣∣ = 0.

(3.4)

As before we have the following inequality

lim
r→∞

1
hr

∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− ξ, t) ≤ 1− ε and

M(x1, x2, · · · , xn−1, xnk
− ξ, t) ≥ ε}∣∣

≤ lim
r→∞

1
hr

∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk
− xnk′(r)

, t) ≤ 1− s and

M(x1, x2, · · · , xn−1, xnk
− xnk′(r)

− ξ, t) ≥ s}
∣∣

+ lim
r→∞

1
hr

∣∣{k ∈ Ir : N(x1, x2, · · · , xn−1, xnk′(r)
− ξ, t) ≤ 1− s and

M(x1, x2, · · · , xn−1, xnk′(r)
− ξ, t) ≥ s}

∣∣.
Since (N,M)− lim

r→∞
xnk′(r)

= ξ it follows from (3.4) that xnk
→ ξ(Sθ

(N,M)). ¤
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